Left-invariant almost nearly Kahler structures 
on SU{2) x SU{2) in the tetrahedron 
visualization for CP . 

Natalia Daurtseva 
Russia, Kemerovo State University 
nataliOl 12@ngs.ru 



Key-words: nearly Kahler structure, complex projective space, almost 
complex structures 
AMS classification:53C15, 51A05 

Abstract 

The set of maximal non-integrable structures (SU(2) x SU (2),B, I), 
where B is Killing-Cartan metric is described as subset of CP 3 . The 
visualization of complex projective space CP 3 as tetrahedron which 
edges and faces are CP 1 and CP 2 is used. 

1. Preliminaries. 

Definition 1. An almost complex structure J on a smooth manifold M 
is an endomorphism 

J : TM — ► TM 

of the tangent bundle such that J 2 = —Id. 

The almost complex manifold necessarily has even dimension. It is known 
jl], that every almost complex structure defines the orientation on M. It 
follows from the fact that for all J^-independent vectors X\, . . . , X n e T X M 
the vectors Xi, . . . , X n , J x Xi, . . . , J x X n e T X M are linear independent and 
give the same orientation of T X M. 

Definition 2. Manifold (M 2n ,g,Jo) with almost complex structure Jq 
and Riemannian metric g is called almost Hermitian, if Jq is orthogonal with 
respect to metric g, i.e. 



g(J X,J Y)=g(X,Y), 
for all vector fields X and Y on M. 
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Let M is 6-dimensional group Lie G. In this article we take interest 
in the left-invariant orthogonal almost complex structures, giving the same 
orientation on the group G = SU{2) x SU{2). This reduces study of almost 
complex structure to reseach its restriction on the Lie algebra g = T e G of G. 
Study of the space of left-invariant orthogonal almost complex structures on 
G reduces to reseach the set Z of all endomorphisms I : g — > g, preserving 
orientation, such that I 2 = —1, and g e {lX, IY) = g e (X, Y), for all X, Y 6 g. 
Group 5*0(6) acts transitively on the set Z, with isotropy U(3), so Z is 
homogeneous space SO(6)/U(3) = CP 3 . 

There is isomorphism between space Z and CP 3 p. Let e 1 , ... , e 6 is dual 
basis of g*, orthonormal with respect to metric on g*. V = C 4 denote the 
standard representation of SU(4) and let (v°, v 1 , v 2 , v 3 ) be a unitary basis of 
V. Then A 2 V is the complexification of a real vector space which we identify 
with g*. This identification can be chosen in such a way that: 

e 1 + ie 2 2v 2 A v 3 = e 1 — ie 2 
e 3 + ie 4 2v 3 A v 1 = e 3 — ie 4 
e 5 + ie 6 2v 4 A v 2 = e 5 - ie 6 

A point I E Z corresponds to a totally isotropic subspace of the com- 
plexification of g*. Namely to the i-eigenspace of /, which consists of vectors 
v — iJv. Any such subspace equals pQ: 

V u = {u A v : v e V} C AV, 

which depends on [u] E P(V) — CP 3 . 

J — > (fl*) 1,0 — > V u — > [u] e CP 3 

For example, if Ie 1 = —e 2 ,Ie 3 = —e 4 ,Ie 5 = — e 6 , then i-eigenspace of / 
consists of linear combination of vectors 

2v° A v 1 = e 1 + ie 2 , 2v° Av 2 = e 3 + ie 4 , 2v° A v 3 = e 5 + ie 6 

In pQ was offered to visualize CP 3 as a tetrahedron, in which the edges 
end faces represent projective subspaces CP 1 and CP 2 . The almost complex 
structures I , I\, I 2 , I3: 

V 1 = -e 2 ,Joe 3 = -e 4 ,J e 5 = -e 6 ; 
I ie l = -e 2 ,he 3 = e 4 ,he 5 = e 6 ; 
I 2 e l = e 2 ,I 2 e 3 = -e 4 , J 2 e 5 = e 6 ; 
/3c 1 = e 2 ,he 3 = e 4 ,I 3 e 5 = -e 6 ; 



2v° Av = 
2v° A v 2 = 
2v° A v 3 = 
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are points [1, 0, 0, 0], [0, 1, 0, 0], [0, 0, 1, 0], [0, 0, 0, 1] G CP 3 . Each of these 
structures associated with the fundamental 2-forms, by formula: 

u(X,Y)=g(IX,Y) 

uj = e 1 A e 2 + e 3 A e 4 + e 5 A e 6 ; 

UOl = e 1 A e 2 - e 3 A e 4 - e 5 A e 6 ; 
u; 2 = -e 1 A e 2 + e 3 A e 4 - e 5 A e 6 ; 
cj 3 = -e 1 A e 2 - e 3 A e 4 + e 5 A e 6 . 

Since the metric g is fixed, one may equally well label points of Z by 
their corresponding fundamental forms. Coordinates [v° , v 1 , v 2 , v 3 ] on CP 3 
are helpful to visualize Z as solid tetrahedron with vertices u/o, u/2, 0/3. 

Let z = [z° , z 1 , z 2 , z 3 } and w = [u°, u 1 , u 2 , u 3 } are arbitrary points in CP 3 . 
Any point of the "edge" E ZU) containing z and u in CP 3 is linear combination 
az + (3u, where a, j3 G C, |a| + 7^ 0. But az + f3u and c(az + (3u) define 
the same point in CP 3 , for any c G C*. So "edge", E zu = {[a, ft] : a,/3 G 
C, |«| + ^ 0} = CP 1 = S 2 . The equatorial circle in the "edge" E zu we 
denote as C zu . 

Lemma 1. The fundamental 2-form u of "edge" E m , containing vertices 
and uji has the form: 

uo = e 1 A e 2 + r(e 3 A e 4 + e 5 A e 6 ) + u(e 3 A e 5 + e 6 A e 4 ) + x(e 3 A e 6 + e 4 A e 5 ) 

where r 2 + u 2 + x 2 = 1 

Proof: For any u G E'en there exist numbers s, Ci, C2 G R, s 2 + c 2 + c 2 = 1 
such as corresponding almost complex structure J = s/o + (ci + ic-i)l\. 

s[l, 0, 0, 0] + (ci + ica) [0, 1,0,0] = [s, Cl + ic 2 , 0, 0] 

Space Vj SiC1+ j C2i0 ,o] = {sv° + (ci + A w, w G V}. 

(sv° + (ci + ic 2 K ) A f = (ci + ic^u 1 A t>° = --(ci + ?c 2 )(e 1 + ie 2 ) = 
= ^(-cie 1 + c 2 e 2 + ^(-(^e 1 - Cie 2 )) 

i.e.: 

/(-cie 1 + c 2 e 2 ) = c 2 e x + c^ 2 
(sv° + (ci + ic 2 )v l ) At/ 1 = st/° At/ 1 = is(e x + ?e 2 ) = -(se 1 + ise 2 ) 

/(se 1 ) = - se 2 

(sw°+(ci+ic 2 )t; 1 )At; 2 = sv°Av 2 +(c 1 +ic 2 )v 1 Av 2 = hs(e 3 +ie 4 ) + (c 1 +ic 2 )(e 5 -ie 6 )) = 
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-(se 3 + cie 5 + c 2 e 6 + i(se 4 + c 2 e 5 - c^e 6 )) 
I(se 3 + cie 5 + c 2 e 6 ) = -(se 4 + c 2 e 5 - Cie 6 ) 
(sw +(ci+ic 2 )f 1 )Aw 3 = sv°Av 3 +(c 1 +ic 2 )v 1 Av 3 = ^(s(e 5 +ie 6 ) + (ci+ic 2 )(-e 3 +ie 4 )) = 

^(se 5 - cie 3 - c 2 e 4 + z(se 6 - c 2 e 3 + cie 4 )) 

/(se 5 - Cl e 3 - c 2 e 4 ) = -(se 6 - c 2 e 3 + Cl e 4 ) 
Then u) G -Eoi, corresponding to / has the form: 

u = (-cie 1 +c 2 e 2 )A(-c 2 e 1 -c 1 e 2 )+se 1 Ase 2 +(se 3 +cie 5 +c 2 e 6 )A(se 4 +c 2 e 5 -cie 6 ) + 

+ (se 5 -Cie 3 -c 2 e 4 )A(se 6 -c 2 e 3 +eie 4 ) = e 1 Ae 2 +(s 2 -c 2 -C2)e 3 Ae 4 +2sc 2 e 3 Ae 5 - 

-2scie 3 A e 6 — 2scie 4 A e 5 - 2sc 2 e 4 A e 6 + (s 2 - c\ - c 2 )e 5 A e 6 

Let r = s 2 — c 2 — c| = 2s 2 — 1, u = 2sc 2 , x = — 2sci, then r 2 + x 2 + m 2 = 1, 
and 



/ 
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□ 

The following notions was defined in the pQ. 

Definition 3. Let a = e A / - decomposable unit 2- form, the generalized 
edge \a\ is the set 

\ a \ ={ a + reZ:re A 2 (e,/) ± }. 

Definition 4. The polar set of an arbitrary non-zero 2-form o is 
(a)i = {u e Z : g(u, a) = 0} 

2. Group SU(2) x SU(2). As Lie group G we will take group SU(2) x 
SU(2). Lie algebra 

«U(2) = { f ^ ^ + ZX3 ) : fa, * 2) x 3 ) G M 3 } = M 3 , 
L y x 2 — — ix i J 
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so = su(2) x su(2) = IRf x R|. If ei, e 2) e 3 - standard basis R 3 and e 4 , e 5 , e 6 - 
standard basis K|, then [ei,e 2 ] = e 3 , [ei,e 3 ] = — e 2 , [e 2 , e 3 ] = ei, [e 4 ,e 5 ] = e 6 , 
[e 4 , e 6 ] = -e 5 , [e 5 , e 6 ] = e 4 , [e i; e^] = for i = 1, 2, 3; j = 4, 5, 6. 

Killing-Cartan form B(X,Y) = tr(adX o adY) gives metric B(X,Y) = 
2(Xi,Fi) + 2{X 2 ,Y 2 ), where ( , ) - standard metric IR 3 , X = (X U Y{), Y = 
(X 2 ,Y 2 ) E R? x R 3 on SU(2) x SU{2). 

The construction of Hopf bundle 7r : S 3 — > CP 1 may be used for S 3 = 
SU{2). Therefore, one has for SU{2) x SU{2): 

7T : SU{2) x SU{2) su ^ u{1) SU{2)/SU{1) x SU{2)/SU{1) 

One can assume that e\ and e 4 are tangent at the identity to the first and 
second factors of fiber SU(1) x SU(1), and 7r*(e 2 ), 7T*(e3), (7r*(es), n*(e6)) 
are tangent to first (second) factor of the base. Construction of the Hopf 
bundle allows define the canonical 2-form u = e 1 A e 4 + e 2 A e 3 + e 5 A e 6 on 
SU(2) x SU(2). It is known [1], that for almost complex structure 7 0) sucn as 
J ei = e 4 , Jo e 2 = e 3 , Jo e 5 = e 6; structure (B,I ,uj) is Hermitian, i.e. almost 
complex structure I is integrable. 

Statement l.[2] Orthogonal left-invariant almost complex structure I is 
integrable, i.e. (SU(2) x SU(2), B, I) is Hermitian, if and only if correspond- 
ing endomorphism is following: 

(Or \ (0\ \ 
1 ~ { 2 ) Io { 2 r J ' 

w/iere O u 2 e SO (3) 

Vanishing of Nijenhuis's tensor is criterion of integrability of almost com- 
plex structure. In case of homogeneous space, in particularly Lie group 
SU(2) x SU(2) one can take only restriction of this tensor on the Lie al- 
gebra. 

N(X, Y) = [IX, IY] - [X, Y] - I[X, IY] - I[IX, Y], 

X,Y G 0x1(2) x 511(2). So the set of complex structures is reperesented as set 
on which functional of tensor Nijenhuis norm 

\\N\\ 2 = E (4) 2 : /~ \\Ni\\ 2 

i,j,k=l 

is minimal (namely, is equal to zero). What kind of set, given maximum of 
this functional? 
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Statement 2. Functional on Z of tensor Nijenhuis norm on (577(2) x 
577(2), 7?, 7), takes maximal values on the following almost complex struc- 
tures: 

I < e u e 2 , e 3 >C< e 4 , e 5 , e 6 >; I < e 4 , e 5 , e 6 >C< ei, e 2 , e 3 > 



Proof: Let 7 G 2is invariant almost complex structure. 7 = 



\ 6 7 6 8 h J 

Tensor Nijenhuis norm is 

^ || N || 2 = (&7C1 - c 3 & 9 + 6 6 6i - & 3 6 4 ) 2 + (hb 9 - b 6 b 8 - Mi - a 2 b 7 ) 2 + 

+ (-b A b 2 + hb 5 + b 3 a 2 + Ms) 2 + (-a 2 b 8 - b A b 9 + & 6 & 7 - & 5 ai) 2 + 
+ (b 2 b 9 -b 8 h-b 1 ai+a 3 b 7 ) 2 + (-al-al-al + l) 2 + (-a 2 b 9 ~b 5 b 7 +b i bs-b 6 a 1 ) 2 + 
+ (b 8 c 3 + c 2 b 7 - Ms + b A b 2 ) 2 + (a 3 b 9 - b 7 b 2 + b x b 8 - Mi) 2 + 
+ {a 3 b 8 - b 9 b x + b 3 b 7 - Mi) 2 + (-c 2 & 4 - M3 + b 7 b 2 - Ms) 2 + 
+(—bia 2 - b 2 b Q + b 5 b 3 - M3) 2 + (— c 2 &i - M3 + Ms - 6 5 6 7 ) 2 + 
+ (-c 3 6 6 - 6961 + & 3 & 7 + Mi) 2 + (c 2 b 9 + Me - b 5 b 3 + Ms) 2 + 
+(Mi - c 3 b 3 - b 6 b 7 + b 4 b 9 ) 2 + (Me - b 2 b 9 + b 8 b 3 + c 1 b 5 ) 2 + 

+(-6 2 a 2 -6 3 6 4 + 6 6 6i-6 5 a 3 ) 2 + (-^-^-c 2 + l) 2 + (ci6 2 + c 2 6 3 -6 6 6 8 + M 9 ) 2 
Some necessary conditions for I 2 = — 1 are: 



a\ + a 2 2 + b\ + b 2 2 + b\ = 1, ai& 5 + a 2 6 8 + Mi - 6 3 c 3 = 0, 

a 2 + a 2 + 6 4 + 6 2 + 6g = 1, <M 6 + a 2 6 9 + M2 + M3 = 0, 

a i + a i + & ? + bj + b\ = 1, -ai&i + a 3 & 7 - M5 - Me = 0, 

c\ + c 2 , + 6f + b\ + &§ = 1, -ai& 3 + a 3 6 9 + M2 + 6 5 c 3 = 0, 

cl + 4 + b 2 A + b 2 5 + bl = 1, -0261 - a 3 6 4 - Mi - M2 = 0, 

c 2 , + + b 2 7 + 6| + fr 2 , = 1, -a 2 6 2 - a 3 6 5 + Mi - b 9 c 3 = 0, 





ci c 2 \ 
-ci c 3 , S = 
-c 2 -c 3 / 



<M 4 + a 2 & 7 - M2 - c 2 6 3 = 0, 



-a 2 b 3 - a 3 b 6 + b 7 c 2 + b 8 c 3 = 
—a±b 2 + a 3 b 8 + Mi - b 6 c 3 = 0. 
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The equation 

a\ + a 2 + a 2 = c 2 + c 2 + c 2 

follows from the above left six conditions. Let transform ^||-/V|| 2 taking into 
consideration above conditions: 

^\\N\\ 2 = (&7d - c 3 b 9 ) 2 + 2{b 7 c x - c 3 b 9 )(b 6 b x - b 3 b 4 ) + (b 6 b x - b 3 b 4 ) 2 + 

+ (b 4 a x + a 2 b 7 ) 2 - 2(& 4 ai + a 2 b 7 )(b 5 b 9 - b e b 8 ) + (b 5 b 9 - b e b 8 ) 2 + 
+ {b 3 a 2 + b 6 a 3 ) 2 - 2(b 3 a 2 + b 6 a 3 )(b 4 b 2 - bib 5 ) + (b 4 b 2 - bib 5 ) 2 + 
+ {b 5 a x + b 8 a 2 ) 2 + 2(b 5 a x + b 8 a 2 ){b 4 b 9 - b 6 b 7 ) + (b 4 b 9 - b 6 b 7 ) 2 + 
+ (b 7 a 3 - Mi) 2 - 2(b 7 a 3 - b x a x )(b 8 b 3 - b 2 b 9 ) + (b 8 b 3 - b 2 b 9 ) 2 + 
2(l-c 2 -c 2 -c 2 ) 2 + (6 9 a 2 + 6 6 a 1 ) 2 -2(6 9 a 2 + 6 6 a 1 )(6 8 6 4 -&5&7) + (M4-&5&7) 2 + 



+ (6 8 c 3 + b 7 c 2 ) 2 + 2(6 8 c 3 + b 7 c 2 )(b 4 b 2 


" 6165) + (&4&2 


- Ms) 2 + 


+ (b 9 a 3 - b 3 a x ) 2 - 2(6 9 a 3 - b 3 a x )(b 7 b 2 


- Ms) + (b 7 b 2 


- M 8 ) 2 + 


+ (b 8 a 3 - b 2 a x ) 2 + 2(b 8 a 3 - b 2 a x )(b 7 b 3 


- bib 9 ) + (b 7 b 3 


- M 9 ) 2 + 


+ (b 4 c 2 + b 5 c 3 ) 2 - 2(b 4 c 2 + b 5 c 3 )(b 7 b 2 


- bib 8 ) + (b 7 b 2 


- hb 8 ) 2 + 


+ {b x a 2 + M3) 2 + 2(&ia 2 + b 4 a 3 )(b 6 b 2 


- hh) + (b 6 b 2 


- hh) 2 + 


+ (b x c 2 + & 2 c 3 ) 2 - 2(6x02 + b 2 c 3 )(b 8 b 4 


- b b b 7 ) + (b 8 b 4 


- hb 7 ) 2 + 


+ (b 4 c x - b 6 c 3 ) 2 + 2(b 4 c x - b 6 c 3 )(b 7 b 3 


- b x b 9 ) + (6 7 6 3 


- b l b 9 ) 2 + 


+ (6 9 c 2 + 6 8 ci) 2 + 2(6 9 c 2 + b 8 c x )(b 6 b 2 


- hh) + {hh 


- b 3 b 5 ) 2 + 


+ (b 1 c 1 - b 3 c 3 ) 2 + 2(&ici - & 3 c 3 )(& 4 & 9 


- hb 7 ) + (b 4 b 9 


- hb 7 f+ 


+ (& 6 c 2 + & 5 ci) 2 + 2(6 6 c 2 + b 5 c x )(b 8 b 3 


- b 2 b 9 ) + (b 8 b 3 


- b 2 b 9 ) 2 + 


+ {b 2 a 2 + a 3 6 5 ) 2 - 2(6 2 a 2 + a 3 b 5 )(b 6 b x 


- b 3 b 4 ) + (& 6 &i 


-b 3 b 4 ) 2 + 


+ (6 2Cl + c 2 b 3 f + 2(6 2 ci + c 2 b 3 )(b 5 b 9 - 


- b 6 b 8 ) + (b 5 b 9 - 


- Ms) 2 = 


b 2 a 2 + a 3 b 5 = b 7 c x - b 9 c 3 ; b 4 a x + a 2 b 7 


= b 2 c x + c 2 b 3 ; 


b 3 a 2 + a 3 b 6 = b 7 c 2 + b 8 c 3 ; 


b 5 a x + b 8 a 2 = -b x c x + & 3 c 3 ; 6 7 a 3 - Mi 


= b 6 c 2 + &5C1; 


b 9 a 2 + & 6 ai = -6ic 2 - 6 2 c 3 



_ 6 9 a 3 - 6 3 ai = -b 4 c 2 - 6 5 c 3 ; 6 8 a 3 - b 2 a x = -b 4 c x + b 6 c 3 ; b x a 2 + 6 4 a 3 = -b 9 c 2 - b 8 c x . 

= 2((fo 6 fo 1 - 6 3 6 4 ) 2 + (6 5 6 9 - hb 8 ) 2 + (6165 - & 4 6 2 ) 2 + {hh - b 4 b 9 ) 2 + 
+(b 2 b 9 - 6 3 6 8 ) 2 + (6i6 8 - b 2 b 7 ) 2 + (b 4 b 8 - b 5 b 7 ) 2 + (b 3 b 7 - b x b 9 ) 2 + (b 2 b 6 - b 3 b 5 ) 2 + 
+{b 7 c x - c 3 b 9 ) 2 + (C1&2 + c 2 6 3 ) 2 + (c 2 6 7 + c 3 6 8 ) 2 + (c x b x - b 3 c 3 ) 2 + (ci6 5 + c 2 b 6 ) 2 + 
+(c 2 6 4 +c 3 6 5 ) 2 +(c 2 6i+c 3 6 2 ) 2 + (ci6 4 -c 3 6 6 ) 2 + (c 2 6 9 +ci6 8 ) 2 + (l-c 2 -c 2 -c 2 ) 2 ). 
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The sum of first nine summands is norm of matrix B a , where B a is matrix 
of algebraical complements to B. Assume that det B = 0, from the proof 
of Statement 1 [2] one can see that it is sufficient condition for integrability, 
so corresponding almost complex structure gives N = 0. We interest in 
maximal values of ||iV|| 2 , thus det B ^ 0. We obtain: 

II^H 2 = ti(B aT B a ) = tr(det B ■ B- 1 ■ det B ■ (B^ 1 ) = (det B) 2 tr(B T B)~ l 
Condition I 2 = -1 gives B T B = 1 + C 2 , so: 

||5 a || 2 = (det B) 2 ■ tr(l + C 2 )- 1 = det(l + C 2 ) ■ tr(l + C 2 )' 1 
where Ai, A2, A3 are proper values of matrix 1 + C 2 : 

||-B a || 2 = AiA2A3(A x 1 + A 2 1 + A3 l ) = A1A2 + A2A3 + A1A3 
Sum A1A2 + A2A3 + A1A3 is equal to coefficient multiplying A in det(l + C 2 — A): 

II B a \\ 2 = 4 + 4 + 4- 4 ( c i + c 2 + 4) + 3 + 2 C 2 c 2 + 2 C \ 4 + 244 

Sum of last ten summands ^||iV|| 2 is equal to: 

1 4 _ 4_ 4_922_q22_922 

L C-^ C3 ^C-j^Cg Z*C-^C<2 ^^2^3 

Thus: 

±\\N\\* = 4(1 -c 2 -c 2 -c 2 ), 

||iv|| = 8V3^Ji-4-4-4 

Then maxj S 2:(|| N\\) = 8\/3, this value is reached on almost complex struc- 
tures J, with C = A = 0. 

□ 

Definition 5. [3 J The structure (M,g,J) is called nearly KsMer i/Vx(w)(X, Y) = 
0, for all vector fields X, Y on M. The set of all nearly K'Ahler structures (g, J) 
is denoted MK . 

Almost complex structures from the statement 2 satisfy to condition 

V ei (uj)(ei, ej) = 0, V2 = l,...,6, 

but for some vectors X = u + v, where u is in first summand su(2) and v is 
in second summand one can find vector Y: 

V x {u)(X,Y)^0, 



8 



for example 

V ' e2+e4 (u)(e 2 + e 4 , ei) = -1 

So, the maximal non-integrable structures (B, I) from Statement 2 we 
will call the almost nearly Kahler (ANK). 

Let realize integrable almost complex structure Iq and ANK structure 

I N = on SU(2) x SU(2) as points in CP 3 . 

Lemma 2. J = [1, 0, 0, -1] G CP 3 , I N = [1, 1, -1, 1] G CP 3 . 
Proof: Find eigenspace, corresponding to Jo in A 2 V. 

Ioie 1 + ie 4 ) = i(e x + ie 4 ); 
e 1 + ie 4 = v° A v 1 + v 2 A v 3 + v° A v 2 - v 3 A v 1 = (v° - v 3 ) A (v 1 + v 2 ); 

I (e 2 + ie 3 ) = i(e 2 + ie 3 ); 
e 2 + ie 3 = —iv° A v 1 + iv 2 A v 3 + zu° Aw 2 + if 3 A f 1 = (u — v 3 ) A (—if 1 + iv 

I (e 5 + ie 6 ) = i(e 5 + ie 6 ); 
e 5 + ie 6 = 2v° A v 3 = (v° - v 3 ) A 2w 3 . 

Therefore I corresponds to V v o_ v z and J = [1, 0, 0,-1]. 
Similarly for Jjv- 

^(e 1 — ie 4 ) = e 4 + ie 1 = i^e 1 — ie 4 ); 
e 1 - ie 4 = v° A v 1 + v 2 A v 3 — v° A v 2 + v 3 A v 1 = (v° + v 3 ) A (v 1 - v 2 ); 

I N (e 2 - ie 5 ) = e 5 + ie 2 = i(e 2 - ie 5 ); 
e 2 — ie 5 = —iv° A v 1 + iv 2 A v 3 — iv° Av 3 — iv 1 A v 2 = (—v° + v 2 ) A (iv 1 + iv 

^Af(e 3 — ie 6 ) = e 6 + ie 3 = i(e 3 — ie 6 ); 
e 3 - ie 6 = v° A v 2 + v 3 A v 1 + v 1 A v 2 - v° A v 3 = (v° + v 1 ) A (v 2 - v 3 ). 

Therefore Ijq corresponds to V^o^^^i, I N = [1, 1, —1, 1]. 

□ 

Find the subset in tetrahedron, corresponding to ASffC. 
Under the statement 2, the 2- form corresponding to I G ASffC is follow- 
ing: 

to = e 4 A f 1 + e 5 A f 2 + e 6 A f, 

where /' = Ae\ i = 1, 2, 3. As Ie 6 C (e 1 , e 2 , e 3 ), then 2-form e 5 Ae 6 has the 
zero coefficient, i.e. ANK C (e 5 A e 6 )^. Elements of (e 5 A e 6 )^ are described 
in pQ: take an arbitrary point p + on edge E Q3 = \e 5 A e 6 \ and arbitrary 
point p_ G E12 = \— e 5 A e 6 \ . Connect these points by edge (build the sphere 
with poles p + and p ). Then union of all equatorial circles of edges E p+p _, 
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p + e E 03 , p_ e E 12 is (e 5 A e 6 )^, so 

AAflCc |J C p+P _. 

p+ e ^03 
P- e ^12 

Let define the general view of form u e C p+P _ . 
Lemma 3. Form uo G C p+P _ is: 

2a; = (r+ + r_)e 1 A e 2 + (r+ - r_)e 3 A e 4 + (x+ + x_)e 1 A e 3 + (x+ - x_)e 4 A e 2 + 

(u+ + M_)e 1 A e 4 + (u+ - u_)e 2 A e 3 + 

(Mi - M + t 2 )(r + 1) + («-t 2 - x_ti)(r + + a g5+ 

v/(r_ + l)(r+ + l) " 

-(x+t 2 + ?Mi)(r- + 1) + Mi + rr-t 2 )(r + + 1) , 6 

I , C / \ o — I 

v /( r _ + l )(r+ + l) 
(x+t 2 + tt+ti)(r_ + 1) + (tt-ti + x_t 2 )(r + + 1) 2 5 

I , €■ /\ & I 

v/(r_ + l)(r + + l) 
(g+ti - M + t 2 )(r + 1) - {u_t 2 - x_t 1 )(r + + 1) ^ ^ g6 
v/(r_ + l)(r+ + l) " 
-t 2 (r + + l)(r_ + 1) + - M + t 2 ) + x_(n + ti + x + t 2 ) 3 5 

I , 6 /\ C | 

v/(r_ + l)(r+ + l) 

-ti(r + + l)(r_ + 1) - u-(x+t 2 + u+ti) + X-jx+h - tt+t 2 ) 3.6, 

v /(r_ + l)(r+ + l) 

-fi(r+ + l)(r_ + 1) + M_(x + t 2 + u+ii) - - w + t 2 ) 4 5 

H ; e A e + 

v /(r_ + l)(r + + l) 

| ^2p + + l)(r- + 1) +M_(a: + t 1 - w + t 2 ) +g_(M+ti + 3^2) ^ ^ g6 

v / (^- + 1 )(^ + 1 ) 

for r± ^ -1; 

2cj = -e 1 A e 2 + t 2 (e 3 A e 5 + e 4 A e 6 ) + ti(e 3 A e 6 - e 4 A e 5 ) ; /or r± = -1; 
2^ = ^e 1 A e 2 + tiy / ^(e 1 A e 6 + e 2 A e 5 ) + f (e 1 A e 4 + e 2 A e 3 ) + f (e 1 A 

e 3 - e 2 A e 4 ) - t 2X f^(e l A e 5 — e 2 A e 6 ) + ^e 3 A e 4 + ^ 1 ~" f2 (e 4 A e 6 + e 3 A 
e 5 ) + " fl+a:t2 (e 4 A e 5 — e 3 A e 6 ) ; /or r = r+ ^ -I, r_ = -1. 

2^ = ^ie 1 A e 2 + f (e 1 A e 4 - e 2 A e 3 ) + f (e 1 A e 3 + e 2 A e 4 ) + h \J^f(e l A e 6 - 
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e 2 A e 5 ) + 1 2 J^ie 1 A e 5 + e 2 A e 6 ) + ut }+ xt \ (e 3 A e 6 - e 4 A e 5 ) + ut ?~ xt ]^ (e 3 A 



e 5 + e 4 A e 6 ) - ^e 3 A e 4 , /or r = r_ ^ -1, r+ = -1. 



V 2 ( r + 1 ) 



Proof: Similarly lemma 2 one can show, that p + G -E03 an d P- £ -^12 are 
of view: 

p + = e 5 Ae 6 + r + (e 1 Ae 2 + e 3 Ae 4 ) +x + (e 1 Ae 4 + e 2 Ae 3 ) +w + (e 1 Ae 4 + e 2 Ae 3 ), 

p_ = -e 5 Ae 6 + r_(e 1 Ae 2 -e 3 Ae 4 ) + a;_(e 1 Ae 4 -e 2 Ae 3 ) + M_(e 1 Ae 4 -e 2 Ae 3 ), 

where r 2 + + x 2 + + u 2 + = I r 2 + x 2 _ + w 2 = 1. 
Points in CP 3 , corresponding p + and p- are: 



P- = 



0. 



r_ + 1 m_ + 







P+ = 



r+ + 1 n n -«+ + ix+ 

o ' ' ' 



2 ' v^TTT)' 

p_ = [0,0,1,0]; P+ = [0,0,0,1], r± = -l. 
Let consider sphere - "edge" E p+P _ now. A point p of this edge is 



VW+ + 1) 



,r ± ^0 



4 -*p_ + p+> 



V2(l-*) 
t = 1, *l = *2 = 



t 2 + t? + t| = l,t ^ 1 



For 1, r± ^ -1 we have: 2p = + it 2 )J?±±fv + ^(1 -t)(r_ + l)^ 1 + 



l+r- 



+ , x _),;2 + (- u ++ix + )(t 1+ ife) 3- Calculate p A t; : 



2pAt;° = y/(l - t)(r_ + 1> W+y/^(M_+2:r_> 2 At; + ^^^^^^ 3 A 







I[v/(1 - t)(r_ + l)(- e i- ?e 2 )+ / T ^L(«_+^_)(-e 3 - ? e 4 )4 



(-M++tX + )(fi+tf2) 
^(r-n + lKl-t) 



*e 6 )] = I[- v /(i-t)( r _ + i) e i- A / 3 ^ :U _ e 



I ^o;-e 4 + ^±2# , e 5 + 



x /(r++l)(l-t) 



* x_e 3 - 



^L u _ e 4 s+ti-tt+fa 

l+r_ 



v/^+lJCl-t)) V VV A 7 V 1+r - V 1+r - V(r + +l)(l-t)) 

-^===e 6 )] = m + ifo Similarly we can calculate 2p A i> J = + u>j, 

j = 1, 2, 3. Then find ui = Uq A v + Mi A v 1 + «2 A v 2 + u 3 A 1*3. For t = we 
find form in equatorial circle C p+P _ . 

By analogous we can find points of equatorial circle, for r± = —1, or 
r + = — l,r_ 7^ —1, r_ = — l,r + 7^ —1. 



□ 
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Theorem. The set of maximal non-integrable structures 

AAf)C = \JC p+p _, 

wherep + = e 5 Ae 6 + r(e 1 Ae 2 + e 3 Ae 4 )+x(e 1 Ae 4 + e 2 Ae 3 )+w(e 1 Ae 4 + e 2 Ae 3 ), 
p_ = -e 5 A e 6 - r(e 1 A e 2 — e 3 A e 4 ) - x(e l A e 4 - e 2 A e 3 ) + u(e l A e 4 — e 2 A e 3 ), 
r 2 + x 2 + u 2 = 1 

Proof. As 2-form u corresponding to almost complex structure I G 
AAfJC is of view: 

oj = e 4 A f 1 + e 5 A f + e 6 A / 3 , where f = Ae\ i = 1, 2, 3 

then in formula for G C p+P _ we must claim vanishing of coefficient near 
the forms e 1 A e^e 1 A e 3 ,e 2 A e 3 ,e 4 A e 5 ,e 4 A e 6 . This requirement gives 
r + = — r_ = r, x + = — x_ = a;, u + = u_ = u. 

□ 
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